In the design of wind energy farms, the loss of power should be seriously considered for the second wind turbine located inside the wake region of the first one. The rotation of the first wind-front rotor generates a high-vorticity wake with turbulence, and a suitable model is required in computational fluid dynamics (CFD) to predict the deficit of energy of the second turbine for the given configuration. A simplified numerical model based on the classical momentum theory is proposed in this study for multiple wind turbines, which is proposed with a couple of tuning parameters applied to Reynolds-averaged Navier-Stokes (RANS) analysis, resulting in a remarkable reduction of computational load compared with advanced methods, such as large eddy simulation (LES) where two parameters reflect on axial and rotational wake motion, simply tuned with the wind-tunnel test and its corresponding LES result. As a lumped parameter for the figure of merit, we regard the normalized efficiency on the kinetic power output of computational domain, which should be directed to maximize for the optimization of wind farms. The parameter surface is plotted in a dimensionless form versus intervals between turbines, and a simple correlation is obtained for a given hub height of 70% diameter and a fixed rotational speed tuned from the experimental data in a wide range.
Introduction
It has been established that the wake of a turbine degrades the performance of second ones, which should be seriously considered in the design process of a wind farm [1] . According to the recent literature [2, 3] there have been various kinds of approaches for this problem: analytic models [4] [5] [6] [7] [8] [9] , numerical analyses [10] [11] [12] [13] [14] [15] [16] [17] , and experiment with wind tunnel [13, 18, 19] or on-site tests [20] . Thus far, many kinds of wake models have been introduced [4] , but the velocity profile in the wake is still impossible to visualize easily due to the spiral tip vortex and turbulence with high vorticity, and the unsteady flow and the yaw error also make this problem more difficult [3, 21] . The analytical models often use statistical Gaussian distributions in the wake, for example [8] . However, this cannot explain the fluid-dynamical physics lying in these phenomena. Other models also require some induced or parasite aerodynamic coefficients such as rotor thrust coefficient [4, 8] , which should be obtained from experiment in advance. Although there are many kinds of options in theories, its application to the real wind farms seems very difficult.
The recent development of high-performance computation has made it possible to do precise simulations on very complex turbulent flow around a rotational wind turbine with advanced numerical techniques such as LES (large eddy simulation) and DNS (direct numerical simulation). Therefore, computational fluid dynamics (CFD) is a kind of feasible method for terrain-coupled problems [10] or especially interactions of vortices in the wake region of turbines [11] . However, the computational load becomes so heavy that 24 million grids and 20-CPU cluster machine are used in the parallel
Implementation of the Numerical Model
In this section, we elucidate some key ideas to develop a simplified numerical model for the wake flow of a wind turbine [22] . The wake model for a rotor will be extended with a simple superposition to see the interaction with the next rotor.
Classical Momentum Theory
In the wake region of a turbine, Figure 1a , the rotation of flow, or the tip vortex filament is affected by the tangential component of wind speed, and the stream tube is expanded because the incident wind subtracts the kinetic energy to the rotor. With the application of classical momentum theory [1] , the axial induction factor (a) is defined as the ratio of flow-velocity decrease relative to the incident wind speed (U ∞ ), and the wind speed through the disk plane (2-3) is (1 − a)U ∞ .
where η 1 is regarded as the axial efficiency of rotor blade. The ideal value of a is calculated as 1/3 in Betz's limit, but η 1 > 2/3 in real cases due to some additional losses. However, η 1 can depend on various conditions such as tip speed ratio, turbulence intensity, and other configuration variables, etc. Then the axial angular speed of wake (ω) is expressed as:
where η 2 is the rotational efficiency of wake, and Ω is the angular speed of rotor. In the classical actuator disk theory considering the wake rotation, η 2 = 1 is generally used, but the effect of rotor rotation is limited in reality as η 2 < 1 from effects like the dissipation of turbulent flow.
Energies 2019, 12, x FOR PEER REVIEW  2 of 15 computational load becomes so heavy that 24 million grids and 20-CPU cluster machine are used in the parallel processing [10] , for instance, because LES generally requires much heavier load than Reynolds-averaged Navier-Stokes (RANS) simulations. In this paper, we aim to develop a reliable and economic method that is a semi-analytical CFD model whose resultant correlations that can be easily used in the field of wind power industry. Two independent input parameters, based on momentum theory, are tuned with a wind tunnel test and LES data for a scaled model, which is extended to a wake-interaction problem by a simple superposition of boundary condition with RANS CFD. A parametric study is done to obtain a correlation for a wide range, validated with a real turbine array in an existing wind farm.
Implementation of the Numerical Model
Classical Momentum Theory
In the wake region of a turbine, Figure 1a , the rotation of flow, or the tip vortex filament is affected by the tangential component of wind speed, and the stream tube is expanded because the incident wind subtracts the kinetic energy to the rotor. With the application of classical momentum theory [1] , the axial induction factor ( ) is defined as the ratio of flow-velocity decrease relative to the incident wind speed ( ), and the wind speed through the disk plane (2-3) is (1 − ) .
where is regarded as the axial efficiency of rotor blade. The ideal value of is calculated as 1/3 in Betz's limit, but 2/3 in real cases due to some additional losses. However, can depend on various conditions such as tip speed ratio, turbulence intensity, and other configuration variables, etc. Then the axial angular speed of wake ( ) is expressed as:
where is the rotational efficiency of wake, and is the angular speed of rotor. In the classical actuator disk theory considering the wake rotation, = 1 is generally used, but the effect of rotor rotation is limited in reality as < 1 from effects like the dissipation of turbulent flow. Referred from Figure 1 in the simple actuator disk theory, the pressure difference just before and after the disk plane is derived with Bernoulli's equation as follows:
(a)
where = (1 − 2 ), and = (free-stream flow velocity). Equation (3) is simply expressed as:
In the ideal HAWT (horizontal axis wind turbine), the rotational wake flow passes through the wind turbine, accelerating the angular speed from to + in the frame of inertia coordinate system. Here is the angular speed of rotor while is the additional rotation of wake. Thus, the whole rotational effects are included in the following equation:
where the rotational induction factor is defined from Equation (2) as, setting = 1:
Using Equation (7), Equation (6) is rewritten as:
Equating Equations (4) and (8) , the following equation is derived: Referred from Figure 1 in the simple actuator disk theory, the pressure difference just before and after the disk plane is derived with Bernoulli's equation as follows:
where U 4 = U 1 (1 − 2a), and U 1 = U (free-stream flow velocity). Equation (3) is simply expressed as:
In the ideal HAWT (horizontal axis wind turbine), the rotational wake flow passes through the wind turbine, accelerating the angular speed from Ω to Ω + ω in the frame of inertia coordinate system.
Here Ω is the angular speed of rotor while ω is the additional rotation of wake. Thus, the whole rotational effects are included in the following equation:
where the rotational induction factor a is defined from Equation (2) as, setting η 2 = 1:
Equating Equations (4) and (8) , the following equation is derived: where the local speed ratio, defined as λ r = Ωr/U, and a in Equation (7) is obtained as the solution of the following quadratic equation:
Equation (10) has generally two real solutions, but the positive value is selected since it is physically proper.
From Equation (11), a is a function of axial induction factor a and the parameter λ r that is a function of radial position, r. However, a singularity for the infinite value of a occurs when r = 0 (at the center of rotor) in Equation (11), which is aphysical. Therefore, at the region of 10% rotor radius, the induction factor is set to a constant finite value, satisfying the continuity with limitation: refer to Figure 1b .
CFD Model: Single Turbine
We used the wind tunnel test data of a single rotor blade and their LES result [14] for the tuning of parameters η 1 and η 2 . The basic performance of the rotor used in the experiment is given in Table 1 , and the computational domain for CFD (computational fluid dynamics) is shown as Figure 2a . The grids are also presented is Figure 2b where the total numbers of elements are about 8 million (7, 833, 775) , and to capture the complex flow phenomena at the wake region, the width three times the disk diameter is focused to concentrate meshes since the cross-sectional area of stream tube is double of the disk area in the ideal momentum theory. where the local speed ratio, defined as λ = / , and in Equation (7) is obtained as the solution of the following quadratic equation:
From Equation (11), is a function of axial induction factor and the parameter that is a function of radial position, . However, a singularity for the infinite value of occurs when = 0 (at the center of rotor) in Equation (11), which is aphysical. Therefore, at the region of 10% rotor radius, the induction factor is set to a constant finite value, satisfying the continuity with limitation:
We used the wind tunnel test data of a single rotor blade and their LES result [14] for the tuning of parameters and . The basic performance of the rotor used in the experiment is given in Table  1 , and the computational domain for CFD (computational fluid dynamics) is shown as Figure 2a . The grids are also presented is Figure 2b where the total numbers of elements are about 8 million (7, 833, 775) , and to capture the complex flow phenomena at the wake region, the width three times the disk diameter is focused to concentrate meshes since the cross-sectional area of stream tube is double of the disk area in the ideal momentum theory. The inlet velocity with turbulent boundary layer is given as the following profile:
(a)
where the velocity ( ) and the height ( ) are referenced at the hub of rotor, and the outlet pressure is open to the ambient condition. In the aft surface of the tiny disk area, the velocity components are just forced at the range of actuating disk as shown in Figure 3 where three components of velocity are modeled as: The inlet velocity with turbulent boundary layer is given as the following profile:
where the velocity (U) and the height (H) are referenced at the hub of rotor, and the outlet pressure is open to the ambient condition. In the aft surface of the tiny disk area, the velocity components are just forced at the range of actuating disk as shown in Figure 3 where three components of velocity are modeled as:
The velocity is specified as an outlet condition of axial component, Equation (14) at the upstream surface of the thin disk, and the rotational components, Equations (15) and (16), are added as an inlet condition with the rotational induction factor a obtained in Equation (12) . Since the wake is obviously affected by the turbulence intensity, it is selected to be 5% for wind tunnel tests and 15% for real wind farm simulations in this research. The computational grid is verified in Figure 4a ,b. In Figure 4a , the velocity profiles for different scales of meshes are compared with each other, which will also be compared with Figure 5a , and the gird convergence is tested to obtain the present baseline mesh scale for the comparison of average error of velocity profile in Figure 4b .
A commercial code ANSYS-CFX 18.0 (ver.18.0, Ansys Inc., Canonsburg, Pennsylvania, USA) is used with finite-volume discretization, and the k − ω SST (shear stress transport) turbulence model is used for every computation, which is chosen to check the strong interaction between the three-dimensional flow at the wake of disk and the turbulent boundary layer at the bottom of computational domain. For the LES (large eddy simulation) computation of counterpart, two types of sub-grid models are used: with the parameter for the effect of turbulent vortex motion and for lift and drag forces induced from the turbine. Actuator disk model (ADM) and actuator line model (ALM) are applied for the load of wind turbine to capture the important characteristics at the wake flow [13] . The velocity is specified as an outlet condition of axial component, Equation (14) at the upstream surface of the thin disk, and the rotational components, Equations (15) and (16), are added as an inlet condition with the rotational induction factor ′ obtained in Equation (12) . Since the wake is obviously affected by the turbulence intensity, it is selected to be 5% for wind tunnel tests and 15% for real wind farm simulations in this research. The computational grid is verified in Figure  4a ,b. In Figure 4a , the velocity profiles for different scales of meshes are compared with each other, which will also be compared with Figure 5a , and the gird convergence is tested to obtain the present baseline mesh scale for the comparison of average error of velocity profile in Figure 4b . The velocity is specified as an outlet condition of axial component, Equation (14) at the upstream surface of the thin disk, and the rotational components, Equations (15) and (16), are added as an inlet condition with the rotational induction factor ′ obtained in Equation (12) . Since the wake is obviously affected by the turbulence intensity, it is selected to be 5% for wind tunnel tests and 15% for real wind farm simulations in this research. The computational grid is verified in Figure  4a ,b. In Figure 4a , the velocity profiles for different scales of meshes are compared with each other, which will also be compared with Figure 5a , and the gird convergence is tested to obtain the present baseline mesh scale for the comparison of average error of velocity profile in Figure 4b . The independent parameters η 1 and η 2 must be found from the empirical data [14] , and one of the results is compared in Figure 5a , the velocity profile at the position, x/D = 5: the mean relative error is 3.1% (or 9.5% maximum) when η 1 = 0.845, η 2 = 0.1, and λ = 4. In the data of Figure 5b , this comparison shows that η 1 decreases as λ increases, or higher power deficit at rapider rotation. However, at the rated value, 6 < λ < 7, the η 1 seems to approach near the Betz's limit, η 1 = 2/3 at the near field x/D = 1.1 from the disk plane. Although the result of Figure 5 is that of λ = 4 for a slower turbine than the rated one, this method of parameter tuning should be valid because the difference can be aligned from the flow similarity, and the aerodynamic characteristics are not much affected from the rated ones. A commercial code ANSYS-CFX 18.0 (ver.18.0, Ansys Inc., Canonsburg, Pennsylvania, USA) is used with finite-volume discretization, and the − SST (shear stress transport) turbulence model is used for every computation, which is chosen to check the strong interaction between the three-dimensional flow at the wake of disk and the turbulent boundary layer at the bottom of computational domain. For the LES (large eddy simulation) computation of counterpart, two types of sub-grid models are used: with the parameter for the effect of turbulent vortex motion and for lift and drag forces induced from the turbine. Actuator disk model (ADM) and actuator line model (ALM) are applied for the load of wind turbine to capture the important characteristics at the wake flow [13] .
The independent parameters and must be found from the empirical data [14] , and one of the results is compared in Figure 5a , the velocity profile at the position, / = 5: the mean relative error is 3.1% (or 9.5% maximum) when = 0.845, = 0.1, and λ = 4. In the data of Figure 5b , this comparison shows that decreases as increases, or higher power deficit at rapider rotation. However, at the rated value, 6 < λ < 7, the seems to approach near the Betz's limit, = 2 3 ⁄ at the near field / = 1.1 from the disk plane. Although the result of Figure 5 is that of λ = 4 for a slower turbine than the rated one, this method of parameter tuning should be valid because the difference can be aligned from the flow similarity, and the aerodynamic characteristics are not much affected from the rated ones. The computational load of CPU time is compared in Figure 6 with RANS computation and LES (large eddy simulation), applying the present disk model boundary conditions and, additionally, we also made a comparison for the full simulation with LES. Using the RANS model, the computational load decreases by 31-times while it is measured as 120-times from the full simulation (without any model) of LES. Therefore, the application of the present disk model remarkably reduces the computation time. The computational load of CPU time is compared in Figure 6 with RANS computation and LES (large eddy simulation), applying the present disk model boundary conditions and, additionally, we also made a comparison for the full simulation with LES. Using the RANS model, the computational load decreases by 31-times while it is measured as 120-times from the full simulation (without any model) of LES. Therefore, the application of the present disk model remarkably reduces the computation time. 
CFD Model: Multiple Turbines
In Figure 7a , the minimum velocity distribution is plotted along the central axis of rotor, and the present disk model result is compared with Horns Rev1 measurement data [16] in Figure 7b for the inline serial configuration. In Figure 7b , extended eddy viscous wake model [15] and porous disk model [16] are compared in parallel for this case. 
In Figure 7a , the minimum velocity distribution is plotted along the central axis of rotor, and the present disk model result is compared with Horns Rev1 measurement data [16] in Figure 7b for the inline serial configuration. In Figure 7b , extended eddy viscous wake model [15] and porous disk model [16] are compared in parallel for this case. In Figure 7a , the minimum velocity distribution is plotted along the central axis of rotor, and the present disk model result is compared with Horns Rev1 measurement data [16] in Figure 7b for the inline serial configuration. In Figure 7b , extended eddy viscous wake model [15] and porous disk model [16] are compared in parallel for this case. The extended eddy viscous wake model is extended from the Gaussian function proposed by Ainslie, which reflects the variation characteristics of eddy viscosity coefficient due to atmospheric condition as well as the experimental function of eddy viscosity. The main procedure to calculate the velocity components, , , in the wake is to solve the system of the following discretized simultaneous equations constructed with Crank-Nicolson (radial direction) and implicit Euler (axial direction) methods: 
where the matrix coefficients are defined as Equations (18-23):
= , − + (21) The extended eddy viscous wake model is extended from the Gaussian function proposed by Ainslie, which reflects the variation characteristics of eddy viscosity coefficient due to atmospheric condition as well as the experimental function of eddy viscosity. The main procedure to calculate the velocity components, u i,j , in the wake is to solve the system of the following discretized simultaneous equations constructed with Crank-Nicolson (radial direction) and implicit Euler (axial direction) methods: e M j u i+1, j−1 + e A j u i+1, j + e P j u i+1, j+1 = r M j u i, j−1 + r A j u i, j + r P u i, j+1
where the matrix coefficients are defined as Equations (18)- (23):
where ∆x and ∆r are the axial and radial deviation from the actuator disk, and ε is the eddy viscosity coefficient of the wake. Since this model is based two-dimensional, the developed velocity profile is shown as a symmetric profile centered on the hub, but the reality is that the velocity near the ground surface is u = 0. Therefore, the extended viscous wake model [15] adopts the initial wake velocity reflecting the real physics of asymmetry to make a symmetric profile as follows:
where u * is frictional velocity from the boundary layer; κ is von Karman constant; z is height; the subscript 0 means hub and disk; the offset correction ψ w is given from Businger-Dyer correlations. The porous disk model shows the decrease of pressure difference before and after the disk plane if the wind speed exceeds 10 m/s that lies before the rated speed, contrast to general porous materials, where the pressure difference is increased when the flow speed increases. The integrated Navier-Stokes equations are expressed in continuity and momentum as follows:
where χ is the porosity;n is the outward unit normal vector; I is the identity matrix; T is the viscosity stress tensor;
→ v is the force per volume from the porous region; and P 0 = µP v + ρP i → v /2 can be decided from P i (porous inertial resistance) and P v (porous viscous resistance) in the equation of equilibrium:
where P i = 0.1942, P v = 0.8350 for less than 10 m/s, and they are specified in Table 1 for more than 10 m/s [16] . The dimensionless parameter where the power output of each turbine is divided by that of the first turbine is computed with the present disk model, and compared with the experimental data, showing a good fit to each other. The extended eddy viscous wake model overall predicted less value while the porous disk model predicted a similar value, but there is a large discord for the second wind turbine. The present model, compared with the extended eddy viscous wake model, simplifies the wake model with no theoretical consideration of turbulence diffusion, and can be applied without specified pressure data as the porous disk model. The axial induction factor η 1 is listed in Table 2 for each turbine to fit the data, and the efficient of the second turbine decreases (or η 1 increases) much from that of the first turbine. At the later part from the third turbine, the wake developed into a fully mixed turbulent flow, so η 1 is fixed to a constant value, 0.725, independent of the order and position of the rotor. To see the interactive effect between two disks in the comparison with the Horns Rev1 measurement, as the effect is the most significant in Figure 7b , the boundary condition at the symmetric sides in To see the interactive effect between two disks in the comparison with the Horns Rev1 measurement, as the effect is the most significant in Figure 7b The result in Figure 9 shows a parametric surface of power ratio (P = P/P 0 ) [23] for the dimensionless length (L = x/D) and width (W = y/D) where P 0 is obtained from the power from two entirely independent single disks. The correlations are listed as follows:
For the staggered configuration of serial turbines: From Equations (30)-(33), the sensitivity is independent of the directions of configuration regardless of longitudinal (L ) or lateral (W ) ones. Comparing staggered and inline cases, the slope of staggered is almost three times in order that of inline. Therefore, the power efficiency in the staggered configuration increases far more than in the inline configuration, which satisfies the general intuition.
To see the interactive effect between two disks in the comparison with the Horns Rev1 measurement, as the effect is the most significant in Figure 7b , the boundary condition at the symmetric sides in Figure 8 should be imposed as 'periodic' to consider the infinite expansion in the span direction for a wind farm. The height of hub is fixed as 0.7 diameter in all cases. The atmosphere is open on the top of the domain. Two kinds of configurations are possible: staggered and inline. The result in Figure 9 shows a parametric surface of power ratio ( = / ) [23] for the dimensionless length ( = / ) and width ( = / ) where is obtained from the power from two entirely independent single disks. The correlations are listed as follows:
For the staggered configuration of serial turbines: 
Conclusive Remarks
A simple numerical model is proposed in this research to investigate the interference effect on the wake of multiple wind turbines. Two parameters of axial and rotational induction are tuned with experimental wind tunnel and LES data, based on the classical momentum theory without introduction of any other additional parameters. This method is so simple, but easily applicable to CFD techniques, also reducing the computational time.
For the measured data in a real wind farm, Horns Rev1 and its comparison with the CFD result, the present model can be shown feasible for the application. From the computational result for two-row configuration of turbines, two correlations are suggested for staggered and inline configuration. If the parameter tuning becomes more precise than now with abundant field data, it is expected to predict an Energies 2019, 12, 4122 13 of 14 optimal configuration for multiple turbines in the design process of a wind farm. As this model is far faster 100 times than full LES, it should be addressed economical for the simulation of real wind farm at the conceptual level. 
